We present a study on the dynamics of a cylinder wake subjected to forced excitation. Williams et al. (1992) discovered that the spatial symmetry of the excitation plays a crucial role in determining the resulting wake dynamics. Reflection-symmetric forcing was found to affect the Karman wake much more strongly compared to 2 ( , ) 
INTRODUCTION
The Karman wake behind a circular cylinder is a global instability mode manifested following spatio-temporal (absolute) instability over a 'large' region of the cylinder near wake. Two such global modes are possible. The Karman wake corresponds to the so called 'sinuous' mode. A symmetrical 'varicose' mode may also be manifested in the form pairs of vortices symmetrically shed behind the cylinder.
Although the symmetrical varicose mode is intrinsically unstable, it may be stabilized by cylinder motion. Thus interaction between symmetrical shedding and structural motion has been shown to lead to self-excited vibration of the structure (King 1977 , Naudascher 1987 . The problem of forced cylinder motion in flow has been considered, for instance, by Naudascher (1986) , , Ongoren & Rockwell (1988) and Williams et al. (1992) . Lateral (cross-flow) and inflow forced oscillation of a cylinder was performed over a range of frequencies and amplitudes. In this parameter space, complex sheddings modes synchronized to the cylinder oscillations were discovered. Synchronized patterns (modes) labeled according to the number of vortices shed per cycle of cylinder oscillation, included 2S, 2P, P+S and 2P+2S; S and P indicate single vortex and pairs of vortices, respectively. Wake (spatio-temporal) symmetry was found to depend strongly on natural shedding to forcing frequency ratio. For low amplitude forcing, modes involving coalescence of large numbers of vortices were found. In Williams et al.' s experiments apparent period-doubling was found to occur during symmetric forcing for intermediate forcing amplitudes. 'Simple' symmetry rules were proposed to describe the fundamental wake structure differences for symmetric and antisymmetric forcing.
Recent work by Mureithi et al. (2002 Mureithi et al. ( -2004 has quantitatively established the important role that symmetry plays in the dynamics of the forced cylinder wake. In particular
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amplitude equations governing the nonlinear dynamics of mode interactions have been derived based on symmetry equivariant theory. The present paper reports recent developments in this ongoing work. While period-doubling was observed in experimental tests reported in Mureithi et al. (2002) , the complexity of the turbulent flow made it difficult to discern the dynamics underlying the observed transitions in the wake flow.
To overcome this difficulty, the cylinder wake flow is simulated numerically eliminating the effects of extraneous experimental noise. Flow turbulence, known to play at best a secondary role in the wake bifurcation dynamics, is ignored.
CFD COMPUTATIONS
Numerical simulations have been performed using the CFD code Fluent. A rectangular domain around a circular cylinder, having diameter D, was generated using the Fluent preprocessor Gambit. Computation domain boundaries were set at 15D upstream, 40D downstream and 20D on the lateral sides. Special care was required to avoid the influence of the boundaries. To solve the Navier-Stokes equations, Fluent uses a standard path in finite volume. A second order upwind scheme was used to obtain the face values needed for the integral computations. A second order temporal integration was performed during the simulations. Modelling of the cylinder motion was done using time dependent inertia forces and boundary conditions to simulate the problem in the nonGalilean cylinder reference frame. Time dependent conditions were input to Fluent by defining a UDF (User Defined Function). Simulations were all carried out for a flow at Re=1000. At this Reynolds number the cylinder wake is three dimensional and turbulent. However, as also justified in Blackburn et al. (1999) , the two dimensional harmonic forcing of the cylinder will produce flows more two dimensional than the fixed cylinder wake. Furthermore the stochastic threedimensional perturbations associated with flow turbuluence are not believed to be of primary importance vis-à-vis the global wake bifurcation dynamics considered in this study. As an example, the primary Hopf bifurcation responsible for the Karman wake shedding is independent of the detailed flow turbulence structure being governed by the form of the velocity profile in the cylinder wake.
Test case
The case of the fixed cylinder was used to validate the numerical model and the accuracy of the simulation results. A series of structured meshes, each time more refined, were tested up to spatial convergence. The final mesh chosen has the following characteristics: 260000 elements (corresponding to 125000 nodes and 135000 cells). Special care was required in meshing the cylinder boundary layer, which is excited by the moving cylinder. The time step was chosen to capture the dynamics of the wake. It was equal to one hundredth of the vortex-shedding period. The accuracy of our results has been verified by comparing our drag and lift coefficient (respectively C d , C l ) and Strouhal number (St) values to some experimental and numerical data, as shown in The Strouhal number is high compared to experimental results but the value is reasonable when compared to other two dimensional CFD simulations. The drag coefficient is larger than that found experimentally by Roshko (1954) . This can be explained by the absence of turbulence modelling in our simulations as justified earlier. The lift coefficient results are close to those of Hua et al. (2005) . Figure 1 shows the Von Karman wake downstream of the cylinder. The change in the wake structure beyond ten diameters downstream is in agreement with experimental observations (see Van dyke (1982) ) and the computation results of Hua et al. (2005) .
The foregoing verification is for the fixed cylinder case. The validation of the moving cylinder simulations may be found in the results and discussion sections of the paper.
Figure 1. Vorticity field (s -1 ) past a fixed cylinder

Simulation results
Simulation results are presented for the case of a cylinder oscillating harmonically in the stream-wise direction at a frequency f equal to the Karman vortex shedding frequency f v behind the fixed cylinder, thus f/f v =1. The cylinder oscillation amplitude (A) was varied from the stationary cylinder case (A/D=0) to a ratio A/D=0.4. Moving cylinder simulations were initiated starting from the stationary cylinder Karman shedding solution. Simulations were carried out to attain a steady-state in the cylinder's wake and then simulated during 50 periods of the cylinder's oscillation (T e ).
Vortex dynamics analysis
We now proceed to describe the changes in vortex wake modes as a function of cylinder oscillation amplitude. Looking at the wake flow in terms of the vortex wake mode behind the cylinder the strong effect of the cylinder motion is apparent. For small amplitudes, as shown for A/D=0.05 in Figure 2 , the vortex shedding locks into the cylinder motion, with two single vortices shed per cycle of cylinder oscillation. Compared to the fixed cylinder case, the vortex shedding process is similar but vortex evolution downstream the cylinder is slightly perturbed. For A/D=0.2, reflection-symmetry breaking occurs in the vortex wake dynamics, as seen in Figure 3 . Referring to wake mode definitions, the present wake mode is identified as being a P+S mode. From the simulation results, the flow can destabilize by symmetry breaking in two ways without preference (Figures 3  and 4) . This characteristic symmetry breaking of the flow can be compared to the buckling of a beam subjected to an increasing axial load. In both cases a reflection symmetry is broken. The mirror image of the flow, shown in Figure 4 , could also have been obtained using a small perturbation of the inflow velocity destabilizing the wake in the other sense for A/D=0.2 in Figure 3 . 
Proper Orthogonal Decomposition
In order to understand the effect of external forcing on the Karman wake, a proper orthogonal decomposition (POD) of the flow has been performed to extract spatio-temporal modes. The fluctuating x-velocity u' has been recorded at each time step at 141 points along a line transverse to the flow located ten diameters (10D) downstream of the cylinder during 50T e . The fluctuating velocity is defined by '( , ) ( , ) ( , ) u y t u y t u y t = −< >.
POD is an orthogonal decomposition that gives coherent spatio-temporal structures capturing the maximum of the velocity field energy. Each mode is composed of spatial components a k (t) referred to as 'topos', and temporal ones ψ k (y), the 'chronos', such that we can write,
Decomposing the flow past the stationary cylinder, mainly two modes are found as seen in Figure 6 ; (note that Figures 6-13 are at the end of the paper). The first mode has an odd (antisymmetric) topos and a chronos with a principal frequency equal to f v . The second mode is even (reflection-symmetric) at a frequency 2f v . This decomposition confirms that the Karman wake is equivalent to the superposition of a sinuous mode and a varicose mode at twice the vortex shedding frequency. As the square of the singular value corresponding to each mode represents the energy of the mode, the first mode contains close to 99% of the energy of the flow and the second close to 1%. The remaining modes are found to be negligible. The squares of the singular values for the different modes are presented in Figure 7 .
For small oscillation amplitudes the POD decomposition, Figure 8 , gives an odd first mode at f v but now a second even mode having frequency f v as opposed to 2f v for the fixed cylinder case. For small amplitudes of oscillation, the topos does not have a clear harmonic decomposition, unlike the fixed cylinder case. The second mode corresponds to the symmetric forcing which is now significant in terms of energy transferred to the flow (more than 10%), as shown in Figure 9 .
From A/D=0.2 to A/D=0.35, POD does not give distinguished modes in terms of odd-even symmetry.
Furthermore the chronos components lack single well defined frequencies. This suggests a transition range of amplitudes. Figures 10 and 11 show, respectively, the first two modes in terms of topos and chronos. The graphs presenting the squares of the corresponding singular values confirm the absence of a principal and well defined mode.
For superior A/D values, POD decomposition gives a first mode, which is odd, having a frequency f v /2 and a second, even, mode at f v . Now the topos shapes are the same as in the fixed cylinder case as seen figure 12. The graph of the values, Figure  13 , shows that most of the energy is contained in the first odd mode compared to the second one whose characteristics in terms of symmetry and frequency correspond to the forcing of the flow. This signifies an energy transfer from the second mode to the first.
POD and vortex wake modes comparison
Numerical simulations of the flow and POD analysis give insight into the wake dynamics which can be summed up as follows. After a lock-in state of the vortex wake for small oscillation amplitudes where the 2S vortex wake is composed of an odd mode at the vortex shedding frequency and an even mode resulting from the forcing, the flow bifurcates by (reflection) symmetry breaking. The resulting wake has a P+S vortex mode and is not composed of distinct symmetric and quasi-harmonic modes. Still increasing the cylinder amplitude, the flow bifurcates next via period-doubling. For A/D above 0.35 the POD decomposition gives topos of the same shape as that found in the fixed cylinder case but now coupled with chronos evolving at half the shedding frequency. A complete period-doubling has now occurred.
WAKE FLOW SYMMETRY AND AMPLITUDE EQUATIONS
The procedure for the derivation of the mode amplitude equations is briefly described in this section. This is followed by a qualitative bifurcation analysis and comparison with the CFD simulation results. The amplitude equations have been derived using equivariant ('symmetry') bifurcation theory. For details, the reader is referred to Mureithi et al. (2002 Mureithi et al. ( , 2003 .
Starting slightly downstream of the cylinder the base flow symmetry is 
Equivalent relations exist for the transverse velocity component.
To study the dynamics of modal interaction between the Karman wake shedding mode (K) and the reflection symmetric mode S we assume that all other flow modes are stable. In this case all flow perturbations (pressure, velocity etc.) may be expressed as the sum of the mode S and mode K component fields. As an example, the x-direction velocity perturbation takes the form 
The K mode x-velocity satisfies the relation 
Note that λ and τ are the wavelength and period respectively. We seek the amplitude interaction equations in the discrete form 
The Γ -equivariance constraint (7) of ( ) n X Φ has been used to derive the most general form of the equation governing the interaction between the S and K modes which is presented in the following lemma: To determine the interaction dynamics implied by the mapping (8), the symmetrical mode S may be treated as a known 'parameter' that can be varied as done in both the physical and the numerical experiments; (clearly this is only an approximation since forced cylinder motion does not generate (or excite) the uniform S-mode throughout the flow field). The assumption, however, makes it possible to reduce the mapping (8) to a single equation for the modal amplitude K. Mureithi et al. (2002) showed that the solution of the resulting mapping depends on the quantity 11 
